Magnetic superconfinement of Dirac fermions zero-energy modes in bilayer
  graphene quantum dots by Sourrouille, Lucas
Magnetic superconfinement of Dirac fermions
zero-energy modes in bilayer graphene
quantum dots
Lucas Sourrouille
IFISUR, Departamento de F´ısica (UNS-CONICET)
Avenida Alem 1253, Bah´ıa Blanca, 8000, Buenos Aires, Argentina
sourrou@df.uba.ar
November 13, 2018
Abstract
We show that in bilayer graphene it is possible to achieve a very restrictive con-
finement of the massless Dirac fermions zero-modes by using inhomogeneous magnetic
fields. Specifically, we show that, using a suitable nonuniform magnetic fields, the
wave function may be restricted to a specific region of the space, being forbidden all
transmission probability to the contiguous regions. This allows to construct mesoscopic
structures in bilayer graphene by magnetic fields configurations.
PACS numbers: 81.05.ue; 73.22.Pr; 71.70.Di
1 Introduction
The experimental realization of monolayer graphene films [1, 2, 3] has allowed explore
the physics of two-dimensional (2D) Dirac-Weyl fermions. The study of the influence
of magnetic fields on such quasi-particles has a great interest both from fundamental
and applied points of views. Let us just mention, for example, the Landau levels
and Hall effect and the design of nanoelectronic divices [4, 5, 6, 7]. Nevertheless,
in contrast to Schro¨dinger case, Dirac fermions can penetrate electrostatic barriers
with high transmission probability, leading to a great difficulty in confining electrons
electrostatically [8, 9, 10]. This difficulty has given rise to consider pure magnetic
traps [11, 12, 13, 14]. Many kinds of magnetic confinement have been treated, for
instance with inhomogeneous field profiles [15, 16, 17, 18, 19, 20, 21], magnetic antidots
[4] or anti-rings [22, 23]. In particular, magnetic traps composed by fields with a
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slowly decaying nature, was studied in [6, 7, 14]. However, in this kind of magnetic
confinement, the wave function is not restricted to a specific region of the space, e.g.,
a finte region, not being forbidden transmission probablity to all the space.
Here, we propose a new confining mechanism in graphene. Firstly, we analyze the
solutions of the Dirac-Wely equation in the presences of magnetic fields whose behavior
is dictated by B(r) = brα, with b and α are arbitrary real numbers. We will pay
attention to the zero energy levels. We show that if α > −2 and b > 0 the spectrum
of the angular momentum for the zero modes satisfies ` ≤ 0, whereas if b < 0 we
have ` ≥ −1. Here, we denote with ` the eigenvalues of the angular momentum. The
case α = −2 is particular and the spectrum of the angular momentum is extended to
all integers, regardless of the sign of b. Finally, we find that if α < −2 the angular
momentun is restricted to ` ≥ 1 and ` ≤ −2 for b > 0 and b < 0 respectively. We use
these ideas to study massless Dirac fermions zero-modes in the presences of a magnetic
quantum dot, defined by,
B(r) =
{
b1, r < r0
b2r
−3, r > r0 ,
. (1)
being b1 and b2 are real constants, related by b1 = b2r
−3
0 . Then, by using the previous
ideas, we show that there are no solutions of zero energy for single layer graphene.
We also analyze the case of bilayer graphene. By doing a similar analysis we conclude
that there is no possible to find zero energy modes that coexist in both regions of the
space. However, this does not imply that there are no solutions of zero energy. As we
will see, we can construct eigenstates which are different from zero only in one of the
two regions of the space. We will call this kind of confinement as superconfinement
because it is more restrictive than the well know magnetic confinement in graphene
[4]-[7],[15]-[23].
2 Single-layer graphene
Let us start by considering the quasi-particles Hamiltonian describing the 2D excita-
tions in graphene
H = υFσ
ipi = υF (σ
xpx + σ
ypy) , (2)
Here, the σi are 2×2 Pauli matrices, i.e.
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, (3)
υF is the Fermi velocity and pi = −i∂i is the two-dimensional momentum operator. In
a perpendicular magnetic field, B = ∇×A, we can represent the effect of the field by
the potential vector A, leading us to the Dirac equation
HΨ(x, y) = υFσ
iDiΨ(x, y) = EΨ(x, y) (4)
where, Di = −i∂i + Ai (i = 1, 2) is the the covariant derivative and Ψ(x, y, t) is the
two-component spinor
Ψ = (ψa, ψb)
T (5)
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The general form of the vector potential is A = f(r)2 (−y/r, x/r), which can be rewritten
in polar coordinates as
A =
f(r)
2
θˆ,
f(r)
2
≡ Aθ(r) , (6)
where θˆ is the unit vector in the azimuthal direction. It is evident that this vector
potential is in the Coulomb gauge, i.e. ∇ · A = 1r∂θf(r) = 0, thus it is possible to
introduce an scalar field λ(r) such that
f(r)
2
= ∂rλ(r), . (7)
In our case, due to the axial symmetry, we write this Hamiltonian in polar coordinates
(x, y) = (r cos θ, r sin θ), so that the expression of H in (4) becomes
H = υF
 0 e−iθ
(
−i∂r + ∂θr + i2f(r)
)
eiθ
(
−i∂r − ∂θr − i2f(r)
)
0
 (8)
where we have taken into account the notation (6) for the magnetic vector potential.
This Hamiltonian commutes with the operator Jz = Lz+σz/2, where Lz = x∂y−y∂x =
−i∂θ is the z-component of the orbital angular momentum. As a consequence, we can
choose the eigenstates in the form
Ψ(r, θ) =
(
ψ1(r, θ)
ψ2(r, θ)
)
=
(
ξ(r)ei`θ
iχ(r)ei(`+1)θ
)
(9)
where ` is for the integer eigenvalues of Lz, and the subindex 1, 2 of the spinor com-
ponents refer to the sublattices A, B, respectively, of the graphene honeycomb lattice.
Since the wave function (9) is an eigenfunction of the total angular momentum operator
we have,
JzΨ = (Lz +
1
2
σz)Ψ = jΨ . (10)
with the eigenvalue j = `+1/2. Then Eq.(4) reduces to a pair of coupled 1D equations
for the radial part of the spinor components ξ(r) and χ(r),[
∂r − `+ 1
r
− f(r)
2
]
χ(r) = εξ(r)
−
[
∂r +
`
r
+
f(r)
2
]
ξ(r) = εχ(r) (11)
where the eigenvalue ε = EυF .
Let us now concentrate on solving these equations for different magnetic fields config-
urations. In particular, we concern for the solutions at zero energy,[
∂r − `+ 1
r
− f(r)
2
]
χ(r) = 0
[
∂r +
`
r
+
f(r)
2
]
ξ(r) = 0 (12)
3
One simple case consist on constant magnetic field which leads to the following field
equations, [
∂r − `+ 1
r
− br
2
]
χ(r) = 0
[
∂r +
`
r
+
br
2
]
ξ(r) = 0 (13)
where, b is a real number, equal to the magnetic field, B = b. The solutions are
χ(r) = r`+1ebr
2/4
ξ(r) = r−`e−br
2/4 (14)
Since the eigenstates (9) must be regular at the origin, we require that
lim
r→0
Ψ(r, θ) = 0 (15)
In addition the eigenstates (9) must be normalizable, which implies that
lim
r→∞Ψ(r, θ) = 0 (16)
These conditions imply that zero-energy solutions can exist only for one (pseudo)spin
direction, depending on the sign of the constant b. Thus, if b > 0, we have,
Ψ(r, θ) =
(
ei`θr−`e−br2/4
0
)
, ` ≤ 0 (17)
On the other hand, the condition b < 0 implies
Ψ(r, θ) =
(
0
iei(`+1)θr`+1ebr
2/4
)
, ` ≥ −1 (18)
If a magnetic field is chosen to be B(r) = br−1, then it is not difficult to show that the
solutions of the equation (12) are,
Ψ(r, θ) =
(
ei`θr−`e−br/2
0
)
, ` ≤ 0 , (19)
if b > 0, and
Ψ(r, θ) =
(
0
iei(`+1)θr`+1ebr/2
)
, ` ≥ −1 , (20)
if b < 0.
In general, we can show that for magnetic fields of the form B(r) = brα, with α > −2,
the solutions exist only for one (pseudo)spin direction, depending on the sign of the
constant b. In addition, it is interesting to note that the restriction on the values of
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the angular momentum is maintained for any α satisfying the condition α > −2, i.e,
if b > 0 the spectrum of the angular momentum satisfies ` ≤ 0, whereas if b < 0 we
have ` ≥ −1. Notably, the situation is different for α = −2 and α < −2. By solving
the equations (12), for the case α = −2, we have,
χ(r) = r`+1eb(ln r)
2/2
ξ(r) = r−`e−b(ln r)
2/2 (21)
In order to study the behavior of these functions as r → 0 and r →∞ we can rename
ln r as z. Then, the functions (21) take a more simple form,
χ(r) = ez(`+1)eb(z)
2/2
ξ(r) = e−z`e−b(z)
2/2 (22)
Assuming b > 0, it is not difficult to check from (22) the following boundary conditions,
lim
r→0
ξ(r) = 0 , lim
r→0
χ(r) =∞ (23)
lim
r→∞ ξ(r) = 0 , limr→∞χ(r) =∞ (24)
Therefore, the only solution physically acceptable is ξ(r) = e−z`e−b(z)2/2. Since, the
conditions (23) and (24) are satisfied independently of the values of `, the spectrum of
angular momentun is all integers. Consequently, the eigenstate (9) becomes,
Ψ(r, θ) =
(
e−z`e−b(z)2/2ei`θ
0
)
, −∞ ≤ ` ≤ +∞ , (25)
Similar considerations may be done for the case b < 0, in which case we obtain,
Ψ(r, θ) =
(
0
iei(`+1)θez(`+1)eb(z)
2/2
)
, −∞ ≤ ` ≤ +∞ , (26)
In order to ilustrate the solutions for situation α < −2, we can consider α = −3, then
the solutions of the field equations (12) are
χ(r) = r`+1ebr
−1
ξ(r) = r−`e−br
−1
(27)
Assuming b > 0 and ` ≥ 0, the solutions (27) have the following boundary conditions,
lim
r→0
ξ(r) = 0 , lim
r→0
χ(r) =∞ (28)
lim
r→∞ ξ(r) = 0 , limr→∞χ(r) =∞ (29)
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Thus, the eigenstates of the Hamiltonian (8) must be,
Ψ(r, θ) =
(
r−`e−br−1ei`θ
0
)
, ` ≥ 1 , (30)
Here, it is important to note that for the existence of solutions, it is necessary to
impose the condition ` ≥ 1, otherwise, the solution would not be normalized and
therefore there would not be solutions other than the trivial one.
On the other hand, if b < 0, the eigenstates of the Hamiltonian are
Ψ(r, θ) =
(
0
iei(`+1)θr`+1ebr
−1
)
, ` ≤ −2 , (31)
It is not difficult to imagine a generalization of this result for other values satisfying
α < −2,
Ψ(r, θ) =
 r−`e− b(α+1)2 rα+1ei`θ
0
 , ` ≥ 1 , b > 0 , (32)
Ψ(r, θ) =
 0
iei(`+1)θr`+1e
b
(α+1)2
rα+1
 , ` ≤ −2 , b < 0 , (33)
Hence, we can classify the spectrum of angular momentums into three different classes.
For instance, if b > 0, we have for α > −2 an spectrum of angular momentums that
satisfy the condition ` ≤ 0, if α = −2 all integers are allowed for the spectrum, while,
if α < −2, the possible values of angular momentums should satisfy ` ≥ 1. If b < 0, we
must replace ` ≤ 0 by ` ≥ −1 and ` ≥ 1 by ` ≤ −2. From this, we can conclude that
the solutions of the Dirac equation (4) for an electron in a magnetic field B(r) = brα
with α > −2 do not have common values in the spectrum of angular momentum with
the solutions for an electron in a magnetic field with α < −2.
By using these ideas we will construct a magnetic field configuration and we will show
that there are no solutions of zero energy for single layer graphene. In addition, we
will conclude that there is no possible to find zero energy modes that coexist in both
regions of the space. However, this does not imply that there are no solutions of zero
energy. As we will see, we can construct eigenstates which are different from zero only
in one of the two regions of the space.
Let us consider a magnetic field configuration, defined by
B(r) =
{
b1, r < r0
b2r
−3, r > r0 ,
. (34)
Here, b1 and b2 = b1r
−3
0 are real constants. Let us analyze the possible solutions of
Eq.(12) in region I, i.e. r < r0. In virtue of the solutions (17) and (18), there are only
two possible solutions of zero energy. The wave functions in region II, i.e. r > r0, can
be found in the same way. We can conclude that the only possible eigenstates are the
spinors (30) and (31). If an eigenstate of the Dirac equation exists in two regions, both
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wave function components should be continuous across the interface at r = r0, that is,
we should be able to match both functions (17) with (30) in the case of b > 0 and (18)
with (31) for b < 0 . However, this is not possible, since the angular momentum of the
eigenstate (17) and (18) are subject to the restrictions ` ≤ 0 and ` ≥ −1 respectively,
whereas, the angular momentum of the spinor (30) and (31) satisfy ` ≥ 1 and ` ≤ −2
respectively. This suggests that the wave function can not coexist in both regions of the
space. Another possibility would be consider a superconfinement of the wave function,
that is, we could assume that the wave function is different from zero only in one of
the two regions. This requires that the wave function vanishes at r = r0. However, as
we see from solutions (17) and (18), and (30) and (31) this is not possible. Thus, there
are no solutions of zero energy, besides the trivial one.
3 Magnetic superconfinement in bilayer graphene
Let us concentrate on bilayer graphene. The bilayer graphene [24]-[30] in the simplest
approximation can be considered as a zero-gap semiconductor with parabolic touch-
ing of the electron and hole bands described by the single-particle Hamiltonian. By
exfoliation of graphene one can obtain several layers of carbon atoms. In this simple
approximation the Hamiltonian of the bilayer graphene is,
H = υF
(
0 (D1 − iD2)2
(D1 + iD2)
2 0
)
(35)
In polar coordinates the Hamiltonian is written as
H = υF
 0 e−i2θ
(
−i∂r + ∂θr + i2f(r)
)2
ei2θ
(
−i∂r − ∂θr − i2f(r)
)2
0
 (36)
Hence, the field equations for the zero energy states in a constant magnetic field are,[
− i∂r + ∂θ
r
+ i
br
2
]2
χ(r)ei(`+1)θ = 0
[
− i∂r − ∂θ
r
− ibr
2
]2
ξ(r)ei`θ = 0 (37)
One can see immediately from Eq. (37) that there are zero modes and their number is
twice as great as for the case of a single layer [31]-[33]. Indeed, for B = b > 0,
Ψ(r, θ) =
(
ei`θr−`e−br2/4
0
)
, ` ≤ 0 (38)
and
Ψ(r, θ) =
(
ei`θr−`+1e−br2/4
0
)
, ` ≤ 0 (39)
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are zero modes of the Hamiltonian (36). On the other hand, if B = br−3, with b > 0,
we have the following zero modes,
Ψ(r, θ) =
(
r−`e−br−1ei`θ
0
)
, ` ≥ 1 , (40)
and
Ψ(r, θ) =
(
r−`+1e−br−1ei`θ
0
)
, ` ≥ 2 , (41)
Note, that both, (38) and (40), are zero modes of the single layer Hamiltonian (8).
Let us consider again the magnetic quantum dot defined in (34). In particular, suppose
that b1 > 0 and b2 > 0. Again, if an eigenstate of the Dirac equation exists in the two
regions, the wave function should be continuous across the interface at r = r0, that is,
we should be able to match the eigenstates (38) and (39) with (40) and (41) respectively.
However, as we can see from these states, the spectrum of angular momentums in the
in the region I, does not have common values with the spectrum of angular momentums
in the region II. Then, there are no eigenstates that coexist in both regions of the space.
Let us consider now the possibility of superconfinement of the wave function, i.e. the
wave function different from zero only in one of the two regions. Let us concentrate
on how to construct these states. We can suppose that the wave function is different
from zero only in region I. Then, the wave function should be zero at r = r0. We
can construct a new zero mode of the Hamiltonian (36) by linear combination of the
eigenstates (38) and (39),
Ψ(r, θ) =
(
ei`θ(r − r0)r−`e−br2/4
0
)
, ` ≤ 0 (42)
For each value of ` satisfying ` ≤ 0, this state is a zero mode of the Hamiltonian (36)
and is vanished at r = r0. Since, in view of (40) and (41), there are no zero modes with
` ≤ 0 in the region II, we conclude that the wave function is confined in the region I.
Outside of the region I the wave function is vanished. If we want to confine the wave
function in the region II, we should combine linearly the eigenstates (40) and (41), so
that the wave function is vanished at r = r0 and r =∞,
Ψ(r, θ) =
(
r−`(r − r0)e−br−1ei`θ
0
)
, ` ≥ 2 , (43)
Thus, if the angular momentum is restricted to the condition ` ≤ 0, the wave function is
superconfined into the region I, whereas if the angular momentum satisfies the condition
` ≥ 2, the wave function is superconfined into the region II. Notably, there are no zero
modes with ` = 1.
It is not difficult to generalize this result to a magnetic field configurations of the
form,
B(r) =
{
b1r
α, r < r0 α > −2
b2r
α, r > r0 α < −2
. (44)
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Figure 1: (Color online)‘ The zero mode field (42) as a function of the radial coordinate r,
for different values of `. From top to bottom, ` = −50,−10,−5,−3,−1.
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Figure 2: (Color online) The zero mode field (43) as a function of the radial coordinate r,
for different values of `. From top to bottom, ` = 2, 4, 6, 12, 24, 60.
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To conclude, we have described a new way of confining Dirac-Weyl quasiparticles in
graphene. By using a suitable magnetic field configurations, we have shown that the
wave function may be restricted to a specific region of the space, being forbidden all
transmission probability to the contiguous regions. We hope that our work can be useful
in experimental realizations to the development of mesoscopic structures based on
graphene. From the theoretical point of view, we think that our work may be important
to understand the behavior of Dirac fermions on magnetic field configurations. Finally,
it would be interesting to extend our research to the excited energy levels. We expect
to report on these issues in the future.
Acknowledgements
I would like to thank Charles Downing for helpful comments. This work is supported
by CONICET.
References
[1] K. S. Novoselov et al., Science 306, 666 (2004); Nature (London) 438, 197 (2005).
[2] Y. Zhang, Y. W. Tan, H. Stormer, and P. Kim, Nature (London) 438, 201 (2005).
[3] C. Berger et al., Science 312, 1191 (2006).
[4] A. De Martino, L. Dell’ Anna, and R. Egger Phys. Rev. Lett. 98, 066802 (2007).
[5] M. Ramezani Masir, A. Matulis and F. M. Peeters, Phys. Rev. B, 79 155451
(2009).
[6] C. A. Downing and M. E. Portnoi, Phys. Rev. B, 94, 165407 (2016).
[7] C. A. Downing and M. E. Portnoi, Phys. Rev. B, 94, 045430 (2016).
[8] M. I. Katsnelson, K. S. Novoselov, and A. K. Geim, Nat. Phys. 2, 620 (2006).
[9] A. V. Rozhkov, G. Giavaras, Y. P. Bliokh, V. Freilikher, and F. Nori, Phys. Rep.
503, 77 (2011).
[10] D. A. Stone, C. A. Downing, and M. E. Portnoi, Phys. Rev. B 86, 075464 (2012).
[11] S. J. Lee, S. Souma, G. Ihm, and K. J. Chang, Phys. Rep. 394, 1 (2004)
[12] A. Nogaret, J. Phys.: Condens. Matter 22, 253201 (2010).
[13] S. Park and H.-S. Sim, Phys. Rev. B 77, 075433 (2008).
[14] S. Kuru, J. Negro, and L. Sourrouille, J. Phys.: Condens. Matter 30, 365502
(2018)
[15] S. Park and H.-S. Sim, Magnetic edge states in graphene in nonuniform magnetic
fields, Phys. Rev. B 77, 075433 (2008).
[16] A. Kormanyos, P. Rakyta, L. Oroszlany, and J. Cserti, Bound states in inhomo-
geneous magnetic field in graphene: Semiclassical approach, Phys. Rev. B 78,
045430 (2008).
11
[17] S. Ghosh and M. Sharma, Electron optics with magnetic vector potential barriers
in graphene, J. Phys.: Condens. Matter 21, 292204 (2009).
[18] S. Kuru, J. Negro, and L. M. Nieto, Exact analytic solutions for a Dirac electron
moving in graphene under magnetic fields, J. Phys.: Condens. Matter 21, 455305
(2009).
[19] T. K. Ghosh, Exact solutions for a Dirac electron in an exponentially decaying
magnetic field, J. Phys.: Condens. Matter 21, 045505 (2008).
[20] L. Z. Tan, C.-H. Park, and S. G. Louie, Graphene Dirac fermions in one-
dimensional inhomogeneous field profiles: Transforming magnetic to electric field,
Phys. Rev. B 81, 195426 (2010).
[21] E. Milpas, M. Torres, and G. Murguia, Magnetic field barriers in graphene: an
analytically solvable model, J. Phys.: Condens. Matter 23, 245304 (2011).
[22] D. Wang and G. Jin, Magnetically confined states of Dirac electrons in a graphene-
based quantum annulus, Europhys. Lett. 88, 17011 (2009).
[23] C. M. Lee, R. C. H. Lee, W. Y. Ruan, and M. Y. Chou, Low-lying spectra of
massless Dirac electron in magnetic dot and ring, Appl. Phys. Lett. 96, 212101
(2010)
[24] E. McCann, and V. I. Falko, Phys. Rev. Lett.,96 (2006) 086805.
[25] F. Guinea, A. H. Castro Neto, N. M. R. Peres, Phys. Rev. B, 73 (2006) 245426.
[26] K. S. Novoselov, E. McCann, S. V. Morozov, V. I. Falko, M. I. Katsnelson, U.
Zeitler, D. Jiang, F. Schedin, A. K. Geim, Nature Physics 2, 177-180 (2006)
[27] M. Koshino, T. Ando, Phys. Rev. B, 76 (2007) 085425.
[28] Edward McCann, David S.L. Abergel, Vladimir I. Falko, Solid State Communica-
tions 143 (2007) 110115
[29] H. Min, A. H. MacDonald, Phys. Rev. B, 77 (2008) 155416
[30] Edward McCann, Mikito Koshino, Rep. Prog. Phys. 76 (2013) 056503
[31] M. I. Katsnelson and M. F. Prokhorova, Zero-energy states in corrugated bilayer
graphene, Phys. Rev. B, 77, 205424 (2008).
[32] J. Kailasvuori, Pedestrian index theorem a la Aharonov-Casher for bulk threshold
modes in corrugated multilayer graphene, EPL, 87, 47008 (2009).
[33] M. Katsnelson, “Graphene: Carbon in two Dimensions”, Cambridge University
Press, (2012).
12
